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My research is centered in symplectic geometry, which is the study of smooth manifolds with a
symplectic form, i.e., a non-degenerate smooth 2-form. Symplectic geometry methods have been successful
in answering questions arising from differential geometry, dynamics, and is the “correct” background for
understanding gauge theories in low-dimensions.

Half-dimensional submanifolds on which the symplectic form vanishes are called Lagrangian. Weinstein
underscored the importance of Lagrangians as his “symplectic creed”: Everything is a Lagrangian subman-
ifold. There exists many fundamental open questions about Lagrangian embeddings, even in symplectic
vector spaces R2n. Lagrangian embedding questions have ties to low dimension topology questions
like unknottedness of 2-knots in R4 [Eli95] and exotic smooth structures on R4 [Glu62]. In my thesis
(Ph.D. 2021, accepted for publication in The Journal of Symplectic Geometry 2023), I use features of mod-
uli spaces of J-holomorphic disks in a novel geometric setting to develop new obstructions to Lagrangian
cobordisms in R4 between “enriched” knot diagrams lying in y2 = constant slices at the boundary of the
cobordism. (See pages 2-3 for precise definitions.)

Theorem 1. [Dat21a, Theorem 6.2] If [D1, σ1,A1] ≺ [D2, σ2,A2] and there exists a big disk A bound by the
pair, then there must exist a little disk B relative to A bound by the diagram pair, so that area(A) ≥ area(B).

To prove Theorem 1, we built on holomorphic curve techniques first studied by Gromov [Gro85].
So, Theorem 1 indicates the existence of Floer theoretic algebraic invariants like Floer homology
[Flo88] [Flo87] or Floer homotopy theory [CJS95] [Coh20], and therefore the Fukaya category [FOOO09a]
[FOOO09b]. Theorem 1 has interesting consequences that show that Lagrangian slices grow or shrink in
size depending on the types of crossing (see Figure 1.) To get similar results when the boundaries have
more complicated geometry, in ongoing joint work with J. Sabloff, we define algebraic structures akin to
Symplectic Field Theory (SFT) that extend Legendrian Contact Homology (LCH) [Che02] [Eli98] to gen-
eral smooth knots, and cobordism maps in LCH to Lagrangian cobordisms that do not necessarily have
Legendrian boundary [EGH00].

Understanding moduli spaces of J-holomorphic curves also played a central role in the joint work with
J. Chaidez, R. Prasad, and S. Tanny, in which we proved C∞-closing lemma in all dimensions for the Reeb
dynamics of contact manifolds whose symplectizations have a rich enough set of holomorphic curves.This
is a version of closing question recorded by Smale in “Mathematical problems for the next century”
[Sma98] that asks whether for a given dynamical system on a manifold and an open set U , can small

Figure 1. The areas (A) (in pink) have to be larger than the areas (B) (in yellow) by
Theorem 1.
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perturbations of the system create closed orbits passing through U . Ours is the first proof of C∞-closing
lemma for Reeb dynamics in higher dimensions. (See page 5 for definitions.)

Theorem 2. [CDPT22, Theorem 6] The boundary (∂E, λ|∂E) of an ellipsoid E ⊂ Cn has vanishing spectral
gap, and thus satisfies the strong closing property.

Previously, Irie [Iri15] proved C∞-closing lemma in dimension 3 using Embedded Contact Homology,
which is a strictly 4-dimensional invariant. We use a related theory of contact homology that is defined in
all dimensions. In fact, we show that vanishing spectral gap implies closing; this idea has been subsequently
used to prove similar closing results by Hutchings [Hut22] and Cineli-Seyfaddini [CS22]. We plan to develop
more powerful spectral gap type invariants using the theory of higher genus holomorphic curves, and to use
this to prove closing in higher generality. The main difficulty in these methods is to construct holomorphic
curves that are non-trivial in the associated algebraic structure. Subsequently, Xue proved C∞-closing
result for integrable systems using KAM techniques [Xue22] (we provide an example of a non-integrable
system that has zero spectral gap). This indicates connections between symplectic techniques and KAM
theory. So, we can explore whether holomorphic curve techniques can help us find invariant torii in higher
dimensional Hamiltonian systems.

Both of the projects above rely on analytic foundations of J-holomorphic curves. I have contributed, and
plan to contribute to these foundations in several ways. During my Ph.D., I spent some time learning the
framework of polyfolds, developed by Hofer, Wysocki, and Zehnder [HWZ17], which is a generalization
of (infinite dimensional) smooth bundles and Fredholm sections that allows us to prove that considered
moduli spaces are manifolds. Along with collaborators F. Beckshulte, I. Seifert, K. Weirheim, and A.
Vocke, we reproved Gromov Non-squeezing using polyfolds [BDS+21]. I am now working on adapting
obstruction bundle gluing [HT07] [HT09] to the relative (curves with boundary) case to construct the
Lagrangian cobordism algebras mentioned earlier. This involves constructing a family of solutions of the
Cauchy-Riemann (CR) operator that limit in the C∞loc topology to a given “broken” solution that has
a total Fredholm index equal to 1. (See page 4 for details.)

Results, Ongoing work and Future directions

Here I describe the projects briefly described above in further detail and present questions I would like
to explore in each area and beyond. I will point out where each project touches on my own foundational
analytic work in J-holomorphic curves.

Lagrangian Embeddings and Algebraic invariants. A Lagrangian cobordism from a knot/link K1 to
K2 is a Lagrangian surface L ⊂ {a ≤ y2 ≤ b} such that ∂−L := L ∩ {y2 = a} = K1 and ∂+L := L ∩ {y2 =
b} = K2. Turns out we can extract information about the existence of such a cobordism from just the
enriched knot diagrams of the boundaries. The enriched knot diagram (EKD) of a knot K ⊂ R3 consists
of the immersed closed curve D = π1(K) ⊂ R2, signs σ keeping track of crossings, and positive numbers A
equal to the areas of bounded components of R2 \ D (compare with Lagrangian diagrams in [Lin16]). We
say two EKD’s (D1, σ1,A1) ≺ (D2, σ2,A2) if there exists a Lagrangian cobordism L such that ∂+L and
∂−L have enriched knot diagrams (D2, σ2,A2) and (D1, σ1,A1), respectively. We say two enriched knot
diagrams are equivalent if there is a diffeomorphism of R2 that takes one enriched knot diagram (including
signs and areas) to the other. We show in [Dat21a] that ≺ defines a strict partial order on equivalence
classes of exact enriched knot diagrams, that is, enriched knot diagrams such that the total signed area
along D is zero.

To establish that ≺ is a strict partial order and prove Theorem 1, we prove foundational analytical
properties of moduli spaces of holomorphic disks with corners that have boundary on a Lagrangian tangle.
A Lagrangian tangle in R4 is an immersed Lagrangian cobordism that is embedded away from its
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boundaries and has boundary on parallel copies of R2, namely on planes of the form {y2 = a, x2 = 0}. We
establish compactness of the moduli spaces by building on work of Akaho and Joyce [AJ10], and Liu [Liu02].
We extend their results to the case where the ambient manifold, in this case R4, is not compact, and the
Lagrangian is not closed but is a Lagrangian tangle. We extend the proof of automatic transversality in
[HLS97] to our case where holomorphic curves have boundary corner points. To conclude, we completely
characterize boundary points of 1-dimensional moduli spaces in the presence of a “big” disk to get Theorem
1.

To get the desired properties of the moduli spaces, we need to restrict which holomorphic disks we
consider. A big disk bound by a pair ((D1, σ1,A1), (D2, σ2,A2)) of EKD’s a disk with boundary on D2

(D1 resp.) having all positive (negative) corners (all the pink disks in Figure 1). Given a big disk, a little
disk relative to it is one that satisfies similar sign and boundary conditions (all the yellow disks in Figure
1 are little disks relative to the pink disk in the same pair).

Currently, jointly with Josh Sabloff, we are building on this work. For each Lagrangian slice, La =
L ∩ {y2 = a}, and an embedded Lagrangian L, we construct a filtered differential graded algebra (DGA)
that counts holomorphic disks with corners in R2 with boundary on the projection π1(K). This algebra, in
fact, depends only on the enriched knot diagram of La and mirrors the Chekanov-Eliashberg DGA [Che02]
[Eli98]. The generators of this algebra are divided into two sets, taking inspiration from the construction
of capacities using generating functions in [ST10]. This division reflects the opposite behaviour of positive
corners and negative corners in diagrams. Using my earlier work on compactification of moduli spaces, as
well as work on obstruction bundle gluing that I will elaborate on below, we conjecture that:

Conjecture 3. For a Lagrangian cobordism L, we obtain (A±, ∂±) corresponding to ∂±L, and (B, ∂B)
corresponding to L itself, which are DGA’s equipped with chain maps

j± : H(A±, ∂±)→ H(B, ∂B), ∂B),

that are both action decreasing. The differentials and the chain maps are defined using holomorphic disk
counts.

Contrast this with action decreasing cobordism maps in LCH [EHK16] that only go “downwards”. We
can view Conjecture 3 as an extension of Legendrian Contact Homology in the following sense: if
∂−L has a Legendrian lift preserving the enriched knot diagram, then H(A−, ∂−) is equal to the Legendrian
contact homology of this lift and j− is identity. If ∂+L also has a Legendrian lift preserving its enriched
knot diagram, then j+ is essentially the cobordism map in LCH.

Future directions. The setting of Lagrangian cobordisms in R4 lends itself to a variety of potential appli-
cations to smooth topology, symplectic topology, and Legendrian knot theory. We list some potential such
questions and goals here.

• Define spectral invariants using the Lagrangian slice algebra (A, ∂). Can these spectral invariants
help us obtain quantitative results about the “x2y2-area” of a Lagrangian cobordism using these
capacities? A related invariant is the symplectic shape ψα for S2-knot α, defined by Eliashberg in
[Eli95]. Can we use these capacities to compute ψα?
• Consider a simple closed curve γ on a symplectic surface (Σ, ω). Can we make quantitative con-

clusions about the trace of γ under a Hamiltonian isotopy φt : (Σ, ω)→ (Σ, ω)? As γ is embedded
in Σ, we can consider the linear version of the above theory which considers Floer strips between
the trace of γ under φ and the trivial cylinder γ × [0, 1] ⊂ Σ× T ∗[0, 1].
• Can one define a “flow category” of holomorphic disks with corners that have boundary on a

Lagrangian tangle? Such flow categories are predicted in [CJS95] and give homotopy spaces cap-
turing information about the involved moduli spaces, namely, can we connect to new developments
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in Floer homotopy theory [CJS95] [Coh20]. We expect a construction similar to Hohloch’s flow
categories for Morse theory [Hoh14].
• The results in [Dat21a] should extend to the set up of Σ × R2 for a closed symplectic surface Σ

and the product symplectic structure. Can we use these techniques to answer questions about
Lagrangian cobordisms between torus knots or knots on higher genus surfaces? For example, can
we find obstructions to reorderings/permutations of the components of links on surfaces under
Lagrangian cobordism?

Obstruction Bundle Gluing. To establish the existence and properties of the differentials and the
chain maps in Conjecture 3, we need to show “gluing”, namely, all “broken disks” satisfying conditions
of the moduli space, actually appear in the compactified moduli space. Gluing is an foundational step
in establishing the structure of a moduli space. Gluing techniques are well developed in the presence of
transversality. However, in the Lagrangian tangle set up we have non-generic (and hence, non-transverse)
conditions and hence, we need to build new analytical results.

Standard gluing results require each component of the broken disk to be “generic.” This translates to
the linearization of the Cauchy-Riemann operator at each disk being surjective, or having zero cokernel. In
dimension 4, for holomorphic disks with corners that have boundary on a Lagrangian with transverse double
points, we show that the cokernel vanishes as long as the Fredholm index is non-negative. (Automatic
transversality [Dat21a, Theorem 5.2]) On the other hand, we naturally see “non-generic” disks in the
situation of Lagrangian tangle boundary conditions as we do not allow perturbation of the holomorphic
structure.

We claim that as long as the total Fredholm index of a broken disk (u0, u1, . . . , um) is 2 and only one
of the maps, say u0, has ind(u0) ≤ 0, we can “glue” (see Figure 2). We claim that the geometry of a
Lagrangian tangle, namely that it lies in {a ≤ y2 ≤ b}, picks out only gluable configurations. (See Figure
3 for an explanation in the Morse setting.)

Figure 2. Non-generic configuration of holomorphic disks with corners that have boundary
on a Lagrangian tangle where gluing is possible. The broken disk (u1, u0, u2) can be glued
to be a boundary point of the moduli space of variations of v. Here u0 has a 1-dimensional
obstruction bundle but the total index of (u1, u0, u2) is ind(u1) + ind(u0) + ind(u2) = 2.

We present a scheme of proof for this theorem when the disk u0 has only two corners in [Dat21b,
Appendix]. We plan to adapt the technique caledl obstruction bundle gluing from [HT07] [HT09], where
the domain of the holomorphic maps are surfaces with cylindrical ends. In our case, the domains are disks
minus marked points on the boundary that are biholomorphic to genus zero surfaces with boundary that
have strip-like ends. We use asymptotic formulas from [RS01] to build sections over the obstruction
bundle, which is a bundle over the gluing parameters that has fibers equal to coker(Du0). Here Du0 is the
linearization of the Cauchy-Riemann operator at u0. We argue that the geometric setup of Lagrangian
tangle boundary conditions for the holomorphic disks selects only gluable configurations of broken disks.
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Figure 3. Obstruction bundle gluing in Morse homology. (a) Morse trajectories (φ1, φ0, φ2)
for a non-Morse–Smale pair get glued to a 1-dimensional family of trajectories. (b) Geo-
metric set up selecting only gluable configuration (φ1, φ0, φ2). If flow lines ψ1 and ψ2 were
present as in (a), we could choose (φ1, φ0, ψ2) that has total index 2 but is not gluable. (c)
Perturbations of the metric g0 give nearby Morse–Smale configurations. These perturba-
tions help us construct a section of the obstruction bundle required to show gluing.

Future directions. Obstruction bundle gluing was first developed by Taubes while defining Gromov-Taubes
(GT) invariants [Tau00]. Later Hutchings defined Embedded Contact Homology which is a version of GT
for 4-manifolds with infinite ends. This work used [HT07] [HT09]. GT invariants count possibly discon-
nected holomorphic curves in contrast to Gromov-Witten invariants which count connected holomorphic
curves. Along with J. Chaidez and Y. Yao, we are attempting to define a relative version of Gromov-
Taubes invariants that counts holomorphic curves with boundary on a Lagrangian submanifold of a
symplectic 4-manifold with boundary, (X, ∂X). The main difficulty in defining relative GT invariants is
to understand what the correct setup is. Namely, we want to know what conditions on the boundary of
X and the Lagrangians L will give us invariance and compactness for generic choice of almost complex
structure J .

Going further, can we use relative Gromov-Taubes to define Seiberg-Witten invariants for manifolds
with boundary?

C∞-closing lemma. In [CDPT22], we use contact homology which is a consequence of SFT formalism
to prove C∞-closing lemma for Reeb dynamics. SFT is a foundational framework that characterizes J-
holomorphic curves in symplectizations of contact manifolds. We show properties of invariants coming out
of SFT like semicontinuity of spectral invariants and we construct J-holomorphic curves that are non-trivial
in contact homology. For manifolds like boundaries of rational ellipsoids, we exploit the existence of a nice
complex flag structure and S1-action to construct explicit holomorphic curves that have small energy.

Contact homology associates a homology CH(Y ) to every contact manifold Y whose chains are Reeb
orbits and differentials count holomorphic curves asymptotic to Reeb orbits in the symplectization of Y .
Even though CH(Y ) is independent of the contact form α, capacities detect α. Intuitively, a capacity
sσ(Y, α), for each class σ ∈ CH(Y ), is the minimal action with respect to α that a Reeb orbit representing
σ can have. The main idea in the proof of Theorem 2 is that a vanishing spectral gap morally gives us a
holomorphic curve with small symplectic energy that survives C∞-small perturbations. Techniques
from [Iri15] allow us to make such a small perturbation in a neighbourhood of the small holomorphic
curve which arbitrarily increases the Gromov width of the holomorphic curve. This should imply that the
symplectic energy of the curve also grows but this cannot happen unless new Reeb orbits passing through
this neighbourhood are created during the perturbation. The main difficulty then, is to show that a certain
contact manifold has vanishing contact homology spectral gap.

Theorem 2 shows a stronger form of closing and answers a recent conjecture of Irie [Iri22], that said
ellipsoid boundaries satisfy the strong closing property: A manifold Y with contact form α satisfies the
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strong closing property if, for any non-zero smooth function f : Y → [0,∞) there is a t ∈ [0, 1] such
that (1 + tf)α has a closed Reeb orbit passing through the support of f .

Future directions. Contact homology counts genus zero holomorphic curves and therefore uses only rational
SFT theory. We plan to build on existing general SFT to develop new capacities that count higher genus
holomorphic curves. We hope new capacities will give us more powerful spectral gaps which can be used
to prove C∞-closing lemma for a wider range on contact manifolds.

More generally, we predict that if the symplectization of a given contact manifold has a rich enough
Gromov-Witten theory, we can show closing. For example,

Conjecture 4 (Closing Lemma). Suppose a contact manifold (Y, α) embeds as a contact hypersurface
into each (Xk, ωk) for a sequence Xk of symplectic manifolds that have non-trivial holomorphic curves of
symplectic area growing at a rate slower than the growth of the Fredholm index as k →∞. Then, for any
open subset U ⊂ Y there exists a C∞-small perturbation α′ of α such that (Y, λ′) has a periodic Reeb orbit
passing through U .
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